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This paper presents an improvement to the multifold Euclidean geometry 
codes introduced by Lin (1973). The improved multifold EG codes are proved 
to be maximal, and therefore they are more efficient than the multifold EG 
codes. Relationships between the improved multifold EG codes and other 
known majority-logic decodable codes are proved. 
1. INTRODUCTION AND SOME USEFUL LEMMAS 
The multifold Euclidean geometry (multifold EG) codes recently 
discovered by Lin (1973) form a large class of majority-logic decodable codes, 
which contains the ordinary EG codes (Rudolph, 1964, 1967; Weldon, 1967) 
and some classes of generalized EG codes (Delsarte, 1969; Lin and Weldon, 
1972; Hartmann, Ducey, and Rudolph, 1974) as subclasses. Several subclasses 
of multifold EG codes have been shown to be very efficient, especially the 
class of two-fold EG codes. The purpose of this paper is to present an 
improvement to the multifold EG codes. The organization of this paper is as 
follows. First, some lemmas which are useful in developing our results are 
proved. Second, a brief review of Lin’s multifold EG codes is given. Third, 
an improvement to the multifold EG codes is presented, and the improved 
multifold EG codes are proved to be maximal. Fourth, simplified decoding 
* This work was supported in part by the National Science Foundation under 
Grant GK-25128 and the Advanced Research Projects Agency of the Department of 
Defense and monitored by NASA Ames Research Center under Contract NAS2-6700. 
+ Present address: Lockheed Palo Alto Research Laboratory, Lockheed Missiles & 
Space Company, Inc., 3251 Hanover Street, Palo Alto, California 94304. 
221 
Copyright 0 1975 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
222 LIN AND YIU 
of the improved multifold EG codes is discussed. Finally, some algebraic 
properties of the improved multifold EG codes are proved. 
Let p be a power of a prime p, say q = ps. Let h be a nonnegative integer 
less than qm where m is a positive integer. Express h in radix-p form as follows: 
where 0 < Sij < p for 0 < i < m and 0 < j < s. Let h’ be another 
nonnegative integer less than h whose radix-p expansion is 
The integer h’ is called a descendant of the integer h if Sij < Sij for 0 < i < m 
and 0 < j < s. The following result was proved by Lucas (1878) (see 
Berlekamp, 1968). 
LEMMA 1. (i,)+ 0 (modp) if and onZy if h’ is a descendant of h. 
Let h, , hI ,..., h, be (J + 1 nonnegative integers such that the following 
conditions are satisfied: (Pl) h = h, + h, + *.. + h, ; (P2) h, 3 0 and 
h, = h,(q - 1) for e = 1, 2,..., CJ where the k,‘s are strictly positive; and 
(P3) let S$’ be the coefficient of the term@ is+j in the radix-p expansion of the 
integer h, . Then Sij = Sjjo’ + Sj,” + ... + S:q’ where Sij is the coefficient of 
the term pis+j ’ m the radix-p expansion of h. The set (ho, h1 ,..., hO) is defined 
as a (q - 1)-partition of h. It follows from the definition that h, , h, ,..., h, 
are descendants of h. The integer o is called the index of the partition. The 
s-weight of h, denoted a,(h), is defined as the Iargest partition index over all 
the possible (q - 1)-partitions of h (Lin, 1973). A (q - I)-partition of h is 
called a maximal (q - 1)-partition of h if its index is the largest. Let 
6% , h, ,...> h,) be a maximal (q - I)-partition of h. The component h, is 
referred to as the residue of the maximal partition. It follows from conditions 
(Pl), (P2), and (P3) that h, = 0 if and only if h = 0 (mod q - 1). Based upon 
the above definitions, the following lemma is obvious. 
LEMMA 2. Let h’ be a descendant of h. If Q,(h) = p, then GS(h’) < p. 
LEMMA 3. Let h’ be a proper descendant of h (i.e., h’ is a descendant of h 
and h’ < h). If GS(h) = p and h 3 0 (mod q - l), then @,(h’) < p. 
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Proof. It follows from Lemma 2 that @,(h’) < p. Suppose that cPs(V) = p. 
Let (ha’, hi’,..., h,‘) be a maximal (4 - 1)-partition of h’. Let 
h, = h - (h,’ + h,’ f ..’ + h,‘). 
Then (Iz, , h,‘,..., h,‘) is a (q - 1)-partition of h. Since h’ < h, thus h, > h,‘. 
Since h = 0 (mod q - I), h, = 0 (mod q - 1). This implies that 
(ha , hl’,. .., h,‘) is a (q - I)-partition of h with index ,u + 1. This contradicts 
the assumption given in the lemma that Q,,(h) = p. Therefore @,(h’) # pL, 
and we must have that Gs(h’) < p. Q.E.D. 
2. A REVIEW OF MULTIFOLD EG CODES 
For the purpose of presenting our results, a brief review of multifold EG 
codes defined by Lin is given in this section. For details, the reader is referred 
to Lin (1973). 
Let GF(p) be a Galois field of 9 elements with 4 = ps where p is a prime. 
Let 7 be a primitive element in GF((I). Consider a p-ary cyclic code C of 
length q - 1 and minimum distance d whose extension1 C,, is invariant under 
the afine group of permutations over GF(q). 
DEFINITION 1. Let B denote the set of minimum weight code vectors in C 
such that the overall parity symbol of each vector in B is equal to 1. Let L;, 
be a vector in B. If the nonzero components of (?, are at0 , ut Y..‘, “tael at the 1 
locations $0, $I,... , +-I, then the polynomial representation for w IS 
W(X) = wt,xto + wt,X”’ + ... + WtdmlXtd--l, (3) 
where wLO , Wtl >..., Wtddl are elements from the prime field GF(p). 
Let GF(Q”) be an extension field of GF@) The qrn elements of GF(g”) 
represent a concrete realization of an m-dimensional Euclidean geometry over 
GF(q), EG(m, 4). Let 01 be a primitive element of GF(q”“). For 0 < ,U < m, 
let F be a p-flat in EG(m, q) w ic consists of the following q” points: h’ h 
d = & + plaZ’ + p2a!z2 + ... + ,&&, (4 
where ac”o, &I,..., & are ,U + 1 linearly independent elements of GF(q”) 
over GF(q), and PI , P2 ,..., P, are coefficients from GF(q). Let 01~0 be a point 
1 The extension code C,, is obtained from C by adding an overall parity-check 
symbol as its first component. 
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in EG(m, q) such that uko + C& is not contained in F. For 0 < e < d, we 
construct a p-flat F, which consists of the following qu points. 
where + is the location number of the nonzero component mt of vector W. 
For e = 0, l,..., d - 1, we obtain d p-flats F, , Fl ,..., Fdel whiEh are parallel 
to F. These (d + 1) parallel p-flats are said to form a (p, d + l)-frame 
(Lin, 1973) which is denoted by 
(F, FO ,..., Fdel : 6, a”“). 
Now for any (,q d + l)-frame (F, FO ,..., FdPl: KJ, &), a vector over GF(p) 
- 
VF = (v, , vl, v2 >**-3 QL2) (7) 
is formed with the jth component defined as 
I 
1, for ,~EF 
vj = Wt, , for ch EF, with 0 < e < d (8) 
0, otherwise, 
where tit is the nonzero component of vector w at the location +. The 
vector tii is called the incidence vector of the (p, d + 1)-frames (F, F,, ,..., 
Fdel: O, 01~0). The polynomial representation for By is 
d-l 
QX) = c xj + 1 Wt, c xjs, (9) 
jeJ e=O jeEJe 
where J = {j: ~lj EF} and Je = {j,: & EF,} for e = 0, l,..., d - 1. The 
polynomial c~(X) is referred to as the incidence polynomial for the (p, d + l)- 
frame. The following theorem proved by Lin (1973) characterizes certain 
roots of the incidence polynomial ?J~(X) of a (p, d + 1)-frame. 
THEOREM 1. Let h be a nonnegative integer less than q” where q = pS. Let C 
be a p-ary cyclic code of length q - 1 and minimum distance d whose extension 
C,, is invariant under the afine group of permutations. Let B be the set of 
minimum weight code vectors of C such that the overall parity-check symbol of 
each vector in B is equal to 1. The incidence polynomial Ed of a (II, d + l)- 
frame based on a &at in EG(m, q) and a minimum weight code vector r;j E B 
MULTIFOLD EUCLIDEAN GEOMETRY CODES 225 
has ~9 as a root ifh satisfies any of the following conditions: (Al) Q,(h) < p - I ; 
(A2) QP,(h) = p and h = 0 (mod q - 1); (A3) @‘,(I%) = p and the residue h, 
of every maximal (q - l)-partition of h is of the form 
s-1 
la, = c zztpiy 
t=o 
with ho # 0, where fey z = x0 + .z& + ... + ~,-~p~-~ with 0 < xi < p, 
7” is a root of the generator polynomial g(X) of code C. 
The conditions stated in Theorem 1 are sufficient conditions for olh to be 
a root of the incidence polynomial of a (p, d + 1)-frame. These conditions 
characterize some (but not all the) common roots of the incidence polynomials 
of all possible (d, p + l)-frames. Only in a few special cases, such as ordinary 
EG codes and two-fold EG codes, they do characterize all the common roots 
of the incidence polynomials of all the (p, d + 1)-frames. 
DEFINITION 2. Define H(X) as the polynomial over GF(p) such that aR 
is a root if and only if h satisfies any of the three conditions stated in Theorem 
1. Clearly, H(X) is a common divisor of the incidence polynomials of all the 
(TV, d + 1)-frames based on the p-flats in EG(m, q) and the minimum weight 
code vectors in B. 
DEFINITION 3 (Lin, 1973). The p-ary cyclic code of length q” - 1 
whose null space is generated by H(X) is defined as a (d + I)-foZd (CL, s)th- 
order Euclidean geometry code associated with a base code C whose extension 
C,, is invariant under the affine group of permutations. The generator 
polynomial g(X) of the base code C is called the base polynomial. 
Let {(F, 01~0,~)) be the set of all possible combinations of a p-flat F in 
EG(m, q) passing through a point 017” 0, a point & such that &O + olzo is not in F, 
and a vector cij E B. Let 
((F, F, ,..., Fd--l : L;), a”“)) (11) 
be the set of (p, d + I)-frames corresponding to the set ((F, ~$0, it))). Let 
{@JX)} be the set of incidence vectors of the (p, d + l)-frames in (11). 
Clearly, the (d + I)-fold (p, s)th-order EG code of length q”L - 1 defined in 
Definition 3 contains {e&X)} in its null space. This set {eF(X)} is essential 
in decoding the (d + I)-fold (p, s)th-order EG code. It has been shown 
643/28/3-4 
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(Lin, 1973) that the (d + I)-fold (EL, s)th-order EG code is (CL + I)-step 
majority-logic decodable and is capable of correcting 
t,, = [(q- - 1)/2d] (12) 
or fewer errors with majority-logic decoding.2 
3. AN IMPROVEMENT OF MULTIFOLD EG CODES 
Lin’s construction of multifold EG codes requires the extension of the 
base code to be invariant under the affine group of permutations. In this 
and the next sections, we shall show that this requirement is not necessary, 
and that any primitive cyclic code can be used as a base code. As a result, 
we obtain a much larger class of multifold EG codes. Moreover, we shall 
improve the conditions of Theorem 1 so that the improved conditions 
characterize all the common roots of the incidence polynomials of all the 
(p, d + 1)-frames. Consequently, we can construct more efficient multifold 
EG codes. Most importantly, the improved multifold EG codes are maximal. 
Let CO be a primitive p-ary cyclic code of length 4 - 1 (or pS - 1) and 
minimum distance d whose generator polynomial go(X) does not have q” = 1 
as a root. Let &O)(X) be a minimum code vector in C,, such that the overall 
parity symbol of G(O)(X) is “1”. Let the polynomial representation of JO)(X) 
be 
(13) 
where 0 < to < tr < ... < tdel < q - 1. Then 
Let &Y(X) be a code vector obtained by cyclically shifting &O)(X) i times. 
Then 
G(~)(X) s WtOXtOfi + wtlXtl+i + e-9 + ~~~-iJi-~d--l+~ (mod Xg-l - 1). (15) 
Let ti, be the nonnegative integer less than q - 1 such that 
tie = t, + i (mod q - 1). ( 16) 
2 [YJ denotes the largest integer equal to or less than Y. 
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It follows from (15) and (16) that 
&j(i)(X) zzz w,oyio + Wt,jp + *.* + Wtd-lxtw (17) 
The location numbers of the nonzero components of &o)(X) are 7% @,..., 
$*.d-l where 17 is a primitive element of GF(q). For i = 0, we have t,, = t, 
for e = 0, l,..., d - 1. Now let n, be the smallest positive integer such that 
&O)(X) = &j(O)(X). (18) 
The integer no is referred to as the cycle of the vector ,(O)(X). Clearly no 
must divide the code length q - 1. 
DEFINITION 4. Let B, be the set which consists of the vector of (13) and 
its (no - 1) cyclic shifts; i.e., 
B, = (do)(x), is’(X),..., fI+O-qX)), (19 
where no is the cycle of &O)(X). 
The following lemmas describe some properties of the set B, which are 
useful in proving our results. 
LEMMA 4. Let A be a no by (q - 1) matrix over GF(p) whose rows are the 
no vectors in the set B, . Then each column of A contains the same set of r nonzero 
entries where 
Y = n,d/(q - 1). v-0) 
Proof. We cyclically shift the rows of A 1 places to the right where 
1 < 1 < q - 1. This shifting operation would leave the rows of A unchanged 
except that it rearranges the rows. It follows that the first column and the 
Zth column must contain the same set of nonzero entries. Since each row 
has d nonzero entries, there is a total of nod nonzero entries in A. Thus the 
number of nonzero entries in each column of A must be Y = n,d/(g - 1). 
Q.E.D. 
LEMMA 5. Let t be the sum of the Y nonzero enhies in a column of A. Then 
5 E no (mod?). (211 
Proof. Since each row of A contains the same set of nonzero entries, 
WtO 3 Wtl ,.*.> Wtdml 7 the total sum of nonzero entries in A is 
d-1 
s = no 2 Wt, . 
E=O 
(22) 
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However, we also have S = t(q - 1). Therefore, 
d-l 
sy4 - 1) = no c %, . 
e-0 
(23) 
It follows from (14) and (23) that we have 
f(q - 1) z -no (mod?). (24) 
Since p = ps, it follows from (24) that 
t = no (modp). Q.E.D. 
In the following, we shall present our improvement to Lin’s multifold 
EG codes. In the construction of an improved multifold EG code, we shall 
use the cyclic code Co defined above as the base code, and use the set B, 
defined in Definition 4 to form (p, d + I)-frames. 
DEFINITION 5. Let o(X) be the manic polynomial of the greatest degree 
with coefficients over GF(p) which satisfies the following conditions: (1) u(X) 
devides the code polynomials in the set B, ; (2) c(X) splits completely in 
GF(q); and (3) all the roots of c(X) are distinct. 
Clearly, the polynomial o(X) is a multiple of the generator polynomial 
go(X) of the code C. Let 
47 = 4mgow (25) 
It is easy to see that u(X) divides X4-l - 1. 
Let F be a p-flat in EG(m, q) which consists of the q” points specified by 
(4). Now we form a (,u, d + I)-frame 
(F, F, ,..., Fddl : cite’)(X), a”“) 
based on F, a vector 6P) from B, , and a point 01~0 such that & + & is not 
in F, where for 0 < e < d, the y-flat F, consists of the following 4“ points 
with j$ E GF(q). The coefficient +e is the location number of the nonzero 
component ute in the vector &F(X). Let 
{(F, c+, a”“)} 
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denote all the possible combinations of a p-flat F in EG(m, q) passing through 
a point &o, a point 01~0 such that c& + 01~0 is not in F, and a vector &Y)(X) 
in set B, . Let 
{(F, F, ,..., Fdel : c+), a”“)) (29) 
be the (p, d + l)-frames corresponding to {(F, &Y(X), A)}. Let {Cam 
be the set of incidence polynomials of the (EL, d + I)-frames in {(F,F,, ,..,, 
F,,: O(X), 01~0)). 
DEFINITION 6. The improved (d + I)-fold (p, s)th-order EG code of 
length 4” - 1 is defined as the p-ary linear code of length 4” - 1 whose null 
space is spanned by the incidence poZynomiuZs {gF(X)} of the (p, d + I)-frames 
of (29). The base code is C’s . 
It follows from (4), (26), and (27) that a cyclic shift of the incidence vector 
of (p, d + l)-frame in (29) is the incidence vector of another (p, d + l)- 
frame in (29). Therefore, the improved (d + 1)-fold (p, s)th-order EG code 
is cyclic. 
DEFINITION 7. Let H,(X) be the greatest common divisor of the incidence 
polynomials {am} of the (p, d + I)-frames of (29). 
It follows from the theory of cyclic codes [see Berlekamp (1968) or Peterson 
and Weldon (1971)] that H,(X) is th e g enerator polynomial of the null space 
of the improved (d + 1)-fold (p, s)th-order EG code of length qm - 1 defined 
in Definition 6. Or, H,(X) is the parity polynomial of the improved (d + l)- 
fold (p, s)th-order EG code. 
From the way it is defined, the improved (d + I)-fold (p, s)th-order EG 
code of length 4”” - 1 is maximal in the sense that it is the largest linear code 
whose null space contains the incidence polynomials of all the (p, d + l)- 
frames of (29). In the next section, we shall characterize the parity polynomial 
Ho(X). 
4. CHARACTERIZATION OF THE PARITY POLYNOMIAL H,-,(X) OF THE 
IMPROVED (ti + I)-FOLD (p, S)TH-ORDER EG CODE 
The incidence polynomial of the (p, d + l)-frame of (26) is 
d-l 
SF(X) = c xj + c Wt, c xje, 
j&l e=o jeEJe 
(30) 
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where J = {j: OLj EF} and je = {j,: & EF,). Since 
“f(X) = c -c f&X) = c xj. (31) 
jSJ 1&J, 
are the incidence polynomials of the p-flats of F and F, , we may express 
gF(X) of (30) in the following form: 
d-l 
G(X) =.f(X> + c %,fe(X). (32) 
f3=0 
Let h be a nonnegative integer less than g’“. Consider 
f&3 = ?lzJ @P = jy)J (JY. 
e e e e 
Substituting (27) into (33), we obtain 
(33) 
f&y = 5 F *. . ; (2” + ?paZO f &LY”l + * * * + p,&>“, (34) 
1 2 P 
where each summation is over the elements of GF@). The expression of 
(34) can be expanded into the following form: 
However, 
f(cF) = c ‘-a c (a”” + pp”’ + -** + p&‘l)h’. 
4 4, 
Combining (32), (35), and (36), we have 
(36) 
UF(2) = f(2) + j. ( ;, ) f(cP’) azJh-h’) 2 Wtp7,+-‘) 
Since 1 + q0 + mtI + ... + utdWl = 0 (modp) and 
d-l 
(37) 
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thus expression (37) reduces to the following form: 
) 
DEFINITION 8. Let A(h) denote the set of the proper descendants h' of h. 
It follows from Lemma 1 that (38) can be expressed in the following form: 
h ~o(h_t~,)oO(i)(@_h,). _-  <) (39)  
h'e,a(h) 
Based on the expression of (39), we shall derive the conditions on h such that 
a ~ is a common root of the incidence polynomials of all the (/~, d + 1)-frames 
in (29). The following theorem due to Delsarte (1970) and Kasami and Lin 
(1971) is needed. 
THEOREM 2. Let h be a nonnegative integer less than q" -- 1. Then o~ h is a 
common root of the incidence polynomials of all the k-flats in EG(m, q) not 
passing through the origin if and only if q)s(h) < h. 
DEFINITION 9. Let q)s(h) = k. Define /'(h) as the set of all proper 
descendants h' of h such that ¢~(h') ~ k. Clearly, F(h) C A(h). 
LEMMA 6. Let h be a nonnegative integer less than q'~ -- 1. Then a h is a 
common root of the incidence polynomials {~F(X)} of all the (/~, d + 1)oframes 
of (29) if h satisfies any of the following three conditions: (A1)* ~5.(h) < ~; 
(A2) '~ q~s(h) =~ and h~O(modq- -  1); (A3)* ~.~(h) =~ with h=~O 
(mod q -- 1) and such that for any proper descendant h' E P(h), @ is a root of 
the polynomial a(X) defined in Definition 5 where f~ is a nonnegative integer 
less than q -- 1 that satisfies 
~ h - -  h '  (mod q - -  1). (4O) 
Pro@ Consider the expression of (39). If h satisfies either condition 
(A1)* or condition (A2)*, it follows from Lemma 2 or Lemma 3 that for any 
h' e A(h), ~(h ' )</x .  Then it follows from Theorem 2 that f (~h ' )= 0 
for any h'~ A(h). As a result, gF(a~) = 0. 
If h satisfies condition (A3)*, then the set F(h) is nonempty. It follows 
from the definitions of P(h) and A(h) that, for any h' ~A(h) -  F(h), 
q~,.(h') < ~. Therefore, the expression of (39) can be reduced to the following 
form: 
h ~Zo(h-h')<D (i)(@-h'). 
h'~F(h) 
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Since 7 is a primitive element of GF(q), thus we obtain 
i&(c?) = ,,&, (i, ) f(a”‘) &(h-h’h(i)(7j~). 
Since c(X) divides &P(X) and since 7’ is a root of U(X), thus 
(42) 
‘(i)(g) = 0 (43) 
for any h’ E r(h). It follows from (42) and (43) that By = 0 if h satisfies 
condition (A3)*. Q.E.D. 
Comparing Lemma 6 to Theorem 1, we see that conditions (Al)* and 
(A2)* of Lemma 6 are identical to conditions (Al) and (A2) of Theorem 1. 
However, condition (A3)* of Lemma 6 is different from condition (A3) of 
Theorem 1. Later we will show that condition (A3)* is stronger than 
condition (A3). 
The conditions given in Lemma 6 are only sufficient conditions for ~lh 
to be a common root of the incidence polynomials of all the (p, d + 1)-frames 
of (29). In the following, we shall show that they are also necessary conditions 
for OIL to be a common root of the incidence polynomials of all the (p, d + l)- 
frames of (29). Again, let F be a ,u-flat specified by (4), and let c& be a point 
such that C& + C& is not in F. Form the n, (p, d + l)-frames based on F, 01~0 
and the n, vectors in B, defined in Definition 4: 
(F, F,, , F,, ,..., Fl,d--l : Gco’(X), 01’~) 
(F, F,, , F,, ,..., R&-I : c+)(X), cx”“) 
(F, Fi+l,o , F,+,l ,...,Fno--l,~--l : I, a”), (44) 
where the p-flat Fie consists of the following 4” points: 
&e = a %I + rltieOlzo + && + . . . + pu&, (45) 
with + as the location number of the eth nonzero component of U(X). 
Let L be the (CL + 1)-flat in EG(m, q) that is spanned by the p-flat F and the 
point &; i.e., L consists of the following q~+l points: 
a” = 2J + po& + pp”’ + * ** + /!3pZ~, (46) 
where & E GF(p) for t = 0, l,..., ,u. Then all the no (p, d + l)-frames o[j-y> 
a;;O-;ytain;d in L. Consider the set 4 = {$0, @I,..., $.d-I,..., 7 ’ , 
17 ’ ,*--, ?I no-l*d--l) which consists of the location numbers of arll the nonzero 
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components of the n, vectors in B, . It follows from Lemma 4 that the set 
4 actually contains all the nonzero elements TO, VI,..., q@ of GF(q) with each 
element 7” appearing Y times. For 0 < t < p - 1, let F(Q be the p-flat which 
consists of the following qU points : 
o,jt = ak, + ,Itcxzo + pp” + a-3 + pp”“. (47) 
Clearly, the q p-flats F, F(O), F(r) ,..., F(g--2) together form the (p f l)-flat L. 
Also the set (F,, ,..., FO,d--l , Fro ,..., Er,+r ,..., Fn,-l,o , . . . . 27,,-r+r} contains 
the set (F(O), F(l),..., F@-2)) Y times. Let U:‘)(X), @(X),..., pro-” be the 
incidence polynomials of the no (y, d + 1)-f rames of (44). It follows from (32) 
and (44) that 
where f&Y) is the incidence polynomial of the p-flat Fi, . Now consider the 
sum 
W-1 
Jgo &'(X> = ~~of(X> 5 y y ~t6fie(w. (49) 
i=o e=o 
Let f(O)(X), f(r)(X),,.., f @a)(X) be the incidence polynomials of the p-flats 
F(O), F(l),..., F(*-2), respectively. It follows from Lemma 4, Lemma 5, and the 
above analysis that (49) becomes 
no-l 
go @i’(X) = nof(X) + 4 yf’“‘(q. t=o (50) 
Let p be the element in the prime field GF( p) such that 
no = p (modp). 
It follows from Lemma 5 and (51) that 
no-1 
(51) 
z. +2(X> = p[f(X) +f’“‘(x) + **. +J”-2’(x)]. (52) 
Since the q p-flats Ik: F(O),. .., F(“-2) together form the (I” + 1)-flat L, thus 
f(X) +f’“‘(x) + ... +f@-yX) is the incidence polynomial L(X) of the 
(FL + I)-flat L. Therefore we have 
no-1 
L(X) = p-l c &‘(X). 
i=O 
(53) 
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LEMMA 7. Let h be a nonnegative integer less than q”. If G,,(h) > p, then 
ah cannot be a common root of the incidence polynomials of all the (p, d + l)- 
frames in (29). 
Proof. Suppose that ah with Q,(h) > p is a common root of the incidence 
polynomials (cF(X)} of all the (,u, d + l)-frames in (29). Then 
p$‘(ah> = $‘@> = . . . = @o-l)(nh) = 0. (54) 
It follows from (53) and (54) thatL(&) = 0. This implies that ah is a common 
root of the incidence polynomials of all the (p + I)-flats in EG(m, q) not 
passing through the origin. This is a contradiction to Theorem 2. Therefore, 
for QS(h) > ,u, ah cannot be a common root of the incidence polynomials of all 
the (p, d + I)-frames in (29). Q.E.D. 
According to Lemma 7, for ah to be a common root of the incidence poly- 
nomials of all the (p., d + I)-frames in (29), QS(h) must be less than OY equal top. 
LEMMA 8. Let h be a nonnegative integer less than q” such that Q,(h) = ,J 
and h + 0 (mod q - 1). Then if ah is a common root of the incidence polynomials 
of all the (F, d + l)-frames in (29), h must satisfy condition (A3)* of Lemma 6. 
Proof. Let eF(X) be the incidence polynomial of a (cc, d + I)-frame in 
(29). Since Q,(h) = p and h + 0 (mod q - l), then gF(ah) can be reduced to 
the expression of (42); i.e., 
7SF(OIh) = h,e&h) ( ;, ) f(a”‘) a~Jh-h’W)(Tf). 
Define the following polynomial 
K(y) = c Ah,Yh-h’, 
h’H-(h) 
where 
(55) 
A,, = ;, 
( 1 
f (ah’) ,(i)(?+). (57) 
Clearly, K(Y) is a polynomial over GF(q”). Th e smallest nonnegative integer 
h, less than qm such that QS(hL) = p is qu - 1. Thus, for any h’ E r(h), 
h’ > qp - 1. Since p < m, the largest nonnegative integer h, less than qm 
such that Gs(hM) = p must be less than qm - 1. (Note that QS(qm - 1) = m.) 
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This implies that A < h, < 4” - 1. Therefore, the degree of K(Y) is less 
than 9” - 4~. It follows from (55), (56), and (57) that 
ifF(db) = K(&). (58) 
Now if ah is a common root of the incidence polynomials (gP(X)) of all the 
(p, d + l)-frames of (29) then we have 
c&8) = i-q&) = 0 (5% 
for any choice of 01~0 such that CY.~O + C& is not in the p-flat F specified by (4). 
There are qrn - 4~ possible choices of a?0 . It follows from (59) that K(Y) has 
2% - 4” roots in GF(q”). However, the degree of K(Y) is less than Q” - 4’” 
As a result, all the coefficients of K(Y) must be equal to zero; i.e., 
for any 12’ E r(h). Since Ii is a descendant of h, it follows from Lemma I 
that (k,) f 0 (modp). Note that f(X) is the incidence polynomial of the 
p-flat F specified by (4). S’ mce for any h’ E r(h), @,(h’) = p, it follows from 
Theorem 2 that &’ is not a common root of the incidence polynomials of all 
the p-flats F in EG(m, q) not passing through the origin. Thus, for any 
h’ E r(h), we can choose the p-flatF such thatf(&‘) # 0. It follows from (60) 
that we must require that 
for any h’ E r(h). Since (61) must hold for i = 0, I,..., n, - 1, thus T&must be 
a common root of the code polynomials &O)(X), &u)(X),..., ,cno-r)(X). That 
is, for any h’ E r(k), q6 must be a root of CT(X) which is the manic polynomial 
of the greatest degree that divides the code polynomials, C@)(X), #J(X),..., 
&jh-yx). Q.E.D. 
It follows from Definitions 6 and 7 and Lemmas 6, 7, and 8 that we obtain 
the following theorem. 
THEOREM 3. Let h be a nonnegative integer less than q”. Let a be a primitive 
element of GF(q”). Then, the parity polynomial H,(X) of the improved (d + l)- 
fold (cc, s)th-order EG code of length q” - 1 has uh as a root if and only if h 
satisjies any of the following conditions: (Al)* a,(h) < PC; (A2)* DS(h) = ,U and 
h = 0 (mod q - I); (A3)* D,(h) = p with h + 0 (mod q - 1) and such that 
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for any proper descendant h’ E I’(h), q” is a root of the polynomial u(X) dejined 
in Dejinition 5 where t% is a nonnegative integer less than q - 1 which satis$es 
the congpuelace relation 
h” = h - h’ (mod q - 1). 
(The polynomial O(X) is referred to as the base polynomial for the improved 
(d + I)-fotd (CL, s)th-order EG code.) 
5. THE IMPROVED MULTIFOLD EG CODES ARE MORE EFFICIENT THAN 
THE MULTIFOLD EG CODES 
The parity polynomials H(X) of the (d + I)-fold (p, s)th-order EG code of 
length qm - 1 is characterized by the three conditions (Al), (A2), and (A3) 
given in Theorem 1. The parity polynomial U,(X) of the improved (d + l)- 
fold (,u, s)th-order EG code of length q m - 1 is characterized by the three 
conditions (Al)*, (A2)*, and (A3)* g iven in Theorem 3. Conditions (Al) and 
(A2) are identical to conditions (Al)* and (A2)*. However, condition (A3)* 
given in Theorem 3 is different from condition (A3) given in Theorem 1. 
In the following, we shall prove that condition (A3)* is stronger than con- 
dition (A3). More specifically, with the same base code, condition (A3)* 
would characterize more roots than condition (A3). 
In order to compare the two conditions, (A3)* and (A3), we must require 
that the base code be the same (i.e., C = C,,), and that the extension of the 
base code is invariant under the affine group of permutations. 
LEMMA 9. Let C be the base code used for both Theorem 1 and Theorem 3. 
Let g(X) be the generator polynomial of C. The extension of C is invariant under 
the afine group of permutations. Let h be a nonnegative integer less than q”. 
Then if h satisjies condition (A3) given in Theorem 1, it also satis$es condition 
(A3)* given in Theorem 3. 
Proof. Let h be a nonnegative integer which satisfies condition (A3) given 
in Theorem 1. Let h’ be a proper descendant of h such that @,(h’) = p. 
Let (hi, hi,..., h,‘) be a maximal (q - 1)-partition of h’. Define 
h, = h - (h,’ + h,’ + a.. + h,‘). 
Clearly, (h, , h,‘,..., h,‘) is a (q - 1)-partition of h. Since Qi,(h) = p., (h, , 
h;,...,h,‘) is a maximal (q - I)-partition of h. Since h’ is a proper descendant 
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of .h, h,’ must be a proper descendant of h, . With h satisfying condition (A3) 
given in Theorem 1, the residue h, should have the following form: 
S-l 
ho = c ztpits+f 
t=o 
(62) 
where 0 < zt <p for t = 0, l,..., s - 1. Since ho’ is a proper descendant 
of h, , h,’ must have the following form : 
S-l 
A,’ = c ,qp+t, 
t=o 
where 0 < .zt’ < zt for t = 0, l,..., s - 1. Now consider the difference 
h - h’ = ho - k,’ 
(63) 
(64) 
where .zi = .zt - q’. Let h” be the nonnegative integer less than q - 1 such 
that 
h” = h - h’ (mod q - 1). 
It follows from (64) that 
h = 20” + gp f . .* + &p-l. (65) 
Since .z; < .zZt for t = 0, I,..., s - 1, h” is a descendant of z = z. + x1 p + 
... + z,-rps-l. Since h satisfies condition (A3) of Theorem 1, rlz is a root of 
the generator polynomial g(X) of the base code C. Since the extension of C is 
invariant under the affine group of permutations, 7’ must also be a root of 
g(X). [See Kasami, et al. (1967).] Since u(X) = n(X)g(X), qh” is also a root 
of u(X). Thus we have proven that if h satisfies condition (A3) of Theorem 1, 
h also satisfies condition (A3)* of Theorem 3. Q.E.D. 
Yext we shall show that a nonnegative integer h which satisfies condition 
(A3)* does not necessarily satisfy condition (A3). This is done by providing 
two concrete examples. For the first example, let nz = 3, s = 4, and p = 2. 
Let the base code C be the binary BCH code of length 24 - 1 with minimum 
distance 5. The generator polynomial g(X) of this code has 7, ~~ and their 
conjugates as all its roots. (The extended primitive BCH codes were proved 
to be invariant under the affine group of permutations by Peterson (1967)). 
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Let p = 1. The integer 319 is less than (24)3 - 1. The s-weight of 319 is 
@,,(319) = 1. All the maximal (24 - 1)-partitions of 319 are given below : 
Maximal (24 - I)-partitions (h, , h,) Binary expansion of the residue h, 
(304, 15) 
(289, 30) 
(274,45) 
(259, 60) 
(49, 270) 
(34,285) 
(19, 300) 
(4, 315) 
24 + 25 + 2s 
20 + 25 + 2s 
21 + 24 + 2s 
20 + 21 + 2s 
20 + 24 + 25 
21 + 25 
20 + 21 + 24 
22 
Let h’ be a proper descendant of 319 such that Q4(h’) = 1. Then any maximal 
(24 - 1)-partition of h’ must have the form (Jr,,‘, h,‘) with h,’ = h, and ho’ as a 
proper descendant of ho where (ho ,A,) is a maximal (24 - 1)-partition of 
319. Let h” = 319 - h’ (mod 24 - 1). It is easy to check that for every 
Zz’ E r(319), 7’ is a root of the generator polynomial g(X) of the BCH code 
of length 24 - 1 with minimum distance 5. Since the base polynomial of 
condition (A3)* is u(X) = n(X) g(X), 7 ’ is also a root of u(X). Therefore, the 
integer 319 satisfies condition (A3)* of Theorem 3. Now we consider the 
maximal (24 - 1)-partition (304, 15) of 319. The residue of this partition is 
ho = 24 + 2j + 28 which does not have the form required by condition (A3) 
of Theorem 1. Therefore, the integer 319 does not satisfy condition (A3) of 
Theorem 1. 
As another example, let m = 3, s = 4, and q = 24. Choose the binary 
Hamming code of length 24 - 1 as the base code. The generator polynomial 
is g(X) = 1 + X + X4. The polynomial 
QyX) = 1 + x5 + x10 
is a minimum weight code vector in the base code. Clearly, the overall parity 
symbol of &O)(X) is 1. The cycle of 0’)(X) is 5. The set B, consists of the 
following code polynomials : 
,(O)(X) = 1 + x5 + x10 
ciw(X) = x + X6 + x11 
dyx) = x2 + X’ + Xl2 
ciP(X) = x3 + X8 + x13 
,(4)(X) = x4 + x9 + x14. 
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The manic polynomial of the greatest degree which satisfies the conditions of 
Definition 5 is just &(O)(X). Therefore, we have 
o(X) = 1 +x5+x1* 
= (1 f x + x2 + x3 + X6)( 1 + x + X4), 
where Z-(X) = 1 + X + X2 + X3 + X6. The roots of a(X) are $, q2, 
r*, q5, +, rls, rll”, P, y13, and q14 where 7 is a primitive element of GF(24). 
Now consider the integer 95 whose s-weight is @,(95) = 1. All the maximal 
(2* - 1)-partitions of 95 are listed below : 
Maximal (24 - l)-partitions (ho , h,) Binary expansion of the residue ho 
(80, 15) 24 + 2” 
(65,30) 20 + 26 
(20,75) ‘7 + 24 
(5,90) 20 + 22 
It is easy to check that for every proper descendant h’ E T(95), 7’ is a root of 
the base polynomial o(X) = 1 + X5 + XIO. Thus, 95 satisfies condition 
(A3)* of Theorem 3. Now consider the maximal (24 - I)-partition (SO, 15) 
of 95. The residue of this partition is 
ho = 24 + 22 .24. 
Clearly, ho has the form required by condition (A3) of Theorem 1. However, 
z = 1 + 22 = 5, and q5 is not a root of the generator polynomial g(X) = 
1 + X + X4 which is used as the base polynomial in condition (A3) of 
Theorem 1. Therefore, the integer 95 does not satisfy condition (A3) of 
Theorem 1. 
From the above results, one can see that for the same base code, the parity 
polynomial H,,(X) of the improved (d + I)-fold (,u, s)th-order EG code in 
general, has more roots than the parity polynomial H(X) of the (d + l)- 
fold (,u, s)th-order EG code defined by Lin. Therefore the improved multi- 
fold EG codes are in general, more efficient than the multifold EG codes. 
EXAMPLE 1. Letp = 2, s = 4, q = 24, m = 3, and p = 1. Let the base 
code be the (15, 7) BCH code with d = 5. The generator polynomial of this 
base code is go(X) = 1 + X4 + X6 + X7 + X8. Clearly, g,(X) is also a 
minimum weight code vector. We set c~(O)(X) = g,(X). Then the base poly- 
nomial u(X) is just g,(X). The improved 6-fold (1, 4)th-order EG code based 
on the (15,7) BCH code is a (4095,2624) code with t,, = 25. However, the 
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6-fold (1,4)th-order EG code based on the (15,7) BCH code is a (4095,236O) 
code with t,, = 25. 
From Theorem 3, we notice that for a given base code C, the efficiency (the 
number of information symbols) of an improved multifold EG code depends 
on the base polynomial o(X). However, the base polynomial o(X) depends 
on the choice of a minimum weight code vector &O)(X) from Co . In order to 
obtain an efficient improved multifold EG code, we must choose a minimum 
weight code vector &Or(X) such that u(X) has as many roots in GF(q) as 
possible. Except for certain special base codes, to find such a minimum weight 
code vector &O)(X) from Co is not easy; as a matter of fact, it is very hard when 
the base code is long. If, in condition (A3)* of Theorem 3, we use the genera- 
tor polynomial g,(X) of the base code Co as the base polynomial, we obtain a 
subcode of the improved (d + I)-fold (p, s)th-order EG code. From the proof 
of Lemma 9, we can see that even this subcode is in general, more efficient 
than the (d + l)-fold (p, s)th-order EG code defined by Lin in Definition 3. 
A list of improved multifold EG codes and their subcodes is given at the end 
of this paper. 
6. DECODING OF THE IMPROVED MULTIFOLD EG CODES 
The procedure for decoding the improved multifold EG codes is the same 
as that for decoding the multifold EG codes. However, the decoder of an 
improved multifold EG code is in general, much simpler than that of its 
corresponding multifold EG code. The reason is that the number of parity- 
check sums to be formed at the first step of decoding an improved multifold 
EG code is in general, much smaller than that to be formed at the first step of 
decoding a multifold EG code. In the following, we shall discuss briefly the 
decoding of the improved multifold EG codes. 
Let F be a p-flat in EG(m, q) passing through the point 0?0. Let & be the 
point in EG(m, q) such that ako + & is not in F. Let L be the p-flat that 
contains the p-flat F and the point 01~0. If we move the point 01~0 in all possible 
ways, we obtain 
W” - l>/(s - 1) 
distinct (p + I)-flats L which intersect on the p-flat F. Thus each of these 
(p + I)-flats L corresponds to a choice of &. Let fl denote the set of 
w’” - 1)/k - 1) 
choices of 01~0 that yield (q”-u - l)/(q - 1) distinct (p + I)-flats L which 
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intersect on F. Based on the p-flat F, the points 01~0 E d, and the vectors G(~)(X) 
in set B, , we can form 
(p, d f I)-frames denoted by 
((F, F,, ,..., F&e1 : C+‘(X), a”“) j i$‘(X) E B, , & E A). 
(66) 
Let V,,(F) = (Us} be the set of incidence vectors of the (p, d + 1)-frames in 
the set of (67). It follows from Lemma 4 that these rzO(qm-@ - l)/(s - 1) flats 
have the following properties : (1) For each @r in VJF), the component that 
corresponds to a point in F is equal to 1; (2) There are exactly Y = n,d/(q - 1) 
incidence vectors 8F with nonzero components at a location that does not 
correspond to a point in F. The incidence vectors in V,(F) are contained in the 
null space of the improved (d + I)-fold (p, s)th-order EG code of length 
4” - 1. Their properties described above guarantee that the improved 
(d + l)-fold (p, s)th-order EG code is capable of correcting 
t ML = Pw~l (68) 
or fewer errors by majority-logic decoding. 3 Substituting (20) and (66) into 
(68), we have 
t,, = [(q”-” - 1)/2d]. (69) 
Comparing (12) and (69), we see that the improved (d + 1)-fold (CL, s)th- 
order EG code has the same majority-logic error-correcting capability as its 
corresponding (d + I)-fold (p, s)th-order EG code. However, at the first 
step of decoding of the (d + 1)-fold (p, s)th-order EG code, the number of 
(CL, d + 1)-frames to be formed for determining the parity-sum (or error-sum) 
that corresponds to a given ,u-Aat F is 
iv = Iw- - l)l/(!I - I>, (70) 
where h is the number of vectors in set B defined in Definition 1. Usually 
the number X is much greater than q -- 1, however, the number n, in (66) is a 
factor of 4 - 1. Therefore, N > No ( except for certain special cases). As 
a consequence, the decoder of an improved multifold EG code is much simpler 
than that of its corresponding multifold EG code. For example, let us use the 
3 The error correcting capability tm~ of (68) may be improved by using Ng’s 
modification tML = [(N,, + r - 1)/2r] (Ng, 1970). 
643/28/3-s 
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(63, 45) BCH code with d = 7 as the base code. The number h of vectors is 
23,877 (Peterson, 1965). There exists a code vector G(O) of the following 
form : 
,(O)(X) = 1 + x9 + x13 + X2’ + X36 + x45 + x54. 
The cycle of &O)(X) is no = 9. Thus the number of vectors in the set B, 
defined in Definition 4 is no = 9. For this case, N = 2653N, . 
In general, the first step of decoding an improved multifold EG code is 
nonorthogonal. However if the parameter Y of (20) is equal to 1, the first step 
of decoding would be orthogonal. It follows from (20) that for r = 1, the 
minimum distance d of the base code must be a factor of q - 1; i.e., q - 1 = 
nod. Also, the nonzero components of the minimum weight code vector 
&(O)(X) must be evenly spaced; i.e., the number of zeros between two adjacent 
nonzero components is no - 1. As a consequence, the vector must have the 
following form : 
,(O)(X) = wtoxkl + Wtlx%+t~ + -** + Wtd-lx(d-l)no+to. (71) 
In the next section, we shall present a class of base codes such that a member 
in this class has a minimum weight code vector that has the form of (71). 
7. SOME IMPORTANT SUBCLASSES OF IMPROVED MULTIFOLD EG CODES AND 
THEIR RELATIONSHIPS WITH OTHER MAJORITY-LOGIC DECODABLE CODES 
In this section, we shall investigate two interesting subclasses of the 
improved multifold EG codes, and establish their relationships with two 
known classes of majority-logic decodables, namely the duals of primitive 
polynomial codes [Kasami, Lin, and Peterson (1968)] and generalized EG 
codes [Delsarte (1969); Lin and Weldon (1972); and Hartmann, Ducey, 
and Rudolph (1974)]. 
Improved Multifold EG Codes Based on Primitive BCH Codes and Their 
Relationships to Polynomial Codes 
Consider a p-ary d-BCH4 code C,, of length q - 1 whose true minimum 
distance is d. The generator polynomial gBcH(X) has 7, TV,..., qd-l and their 
4 d-BCH denotes the BCH code with designed distance d. In most cases, the true 
minimum distance of a BCH code is equal to its designed distance. [See Berlekamp 
(1968) and Peterson and Weldon (1971)]. 
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conjugates as all its roots, where 7 is a primitive element of GF(g) (q = 9”). 
Let x be a nonnegative integer less than q. Let z w be the nonnegative integer 
less than q such that 
At) G p% (mod q - l), W) 
where t is any nonnegative integer. The generator polynomial gBcH(X) can 
be characterized in the following way : T” is a root of gBcw(X) if and only if 
I < dt) < d. (73) 
Now we consider the improved (d + I)-fold (p, s)th-order EG code of 
length q” - 1 based on the d-BCH code C’s, . The parity polynomial 
H,(X) of this (d + I)-fold (p, s)th-order EG code is characterized by the three 
conditions given in Theorem 3. The base polynomial o(X) in condition (A3)* 
is 
4X) = 4Yam4-q (74) 
where gBcH(X) is characterized by (73), the factor n(X) depends on the 
choice of a minimum weight code vector G(O)(X) from C,, : In the following, 
we shall prove that the (d + I)-fold (cl, s)th-order EG code of length q” - 1 
based on the primitive d-BCH code of length q - 1 contains the dual code of 
the [(m - p)(q - 1) - d]th-order p rimitive polynomial code of length 
qn” - 1 as a subcode. 
Let h be a nonnegative integer less than q”. Expand h in radix-q form as 
follows 
h = so + 6,q + ... + 2&q+-1, (75) 
where 0 < & < q - 1 for i = 0, I,..., m - 1. The q-weight of h, denoted 
W,(h), is defined as the following sum : 
m-1 
W&z) = c si . (76) 
i=O 
Let kc*) be the nonnegative integer less than q” such that 
W = pth (mod qnt - I). 
The q-weight of pth is defined as 
(77) 
W*(ptk) = W&w). (78) 
The following two lemmas describe certain properties of the q-weight of 
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an integer h. The first lemma follows directly from (75) and (76)(See Lemma 
15.573 of Berlekamp, 1968.) 
LEMMA 10. W,(h) = h (mod q - 1). 
It follows from the definition of descendant, the definition of q-weight of an 
integer less than q”, expressions (l), (2), and (75) that we have the following 
lemma. 
LEMMA Il. Let h be a nonnegative integer less than q*, and let h’ be a 
descendant of h. Then W&h’) < W,(h). 
The following three lemmas relate the q-weight of an integer h to its s-weight 
Q,(h). The first two lemmas were proved by Lin (1973). 
LEMMA 12. Let h be a nonnegative integer less than qm(q = pS). Let p be 
a nonnegative integer less than m. Then, Q,(h) < p - 1 if and only if 
oy$s W,(Pt’4 < r”(q - 1). 
LEMMA 13. Q,(h) = p and h = 0 (mod q - 1) if and only af 
min,st<, W,(Ph) = k4q - 1). 
LEMMA 14. If p(q - 1) < min,s:,<, W,( pth) < p(q - 1) + d with 1 < 
d < q, then Q,(h) = p and the residue h, of every maximal (q - 1)-partition 
of h satis$es the inequality : 1 < min,g,<, W,( pth,) < d. 
Proof. Let (h, , h, ,..., hk} form a maximal (q - I)-partition of h. It 
follows from the definition of a (q - 1)-partition of h that we obtain 
Clearly, 
W,Wh) = Wq(Pho) + WcAPh,) + -.* + W,(Ph,). 
Since h, , for 1 < I < k, is divisible by q - 1, minoGtcs W,(p”h,) must be a 
multiple of q - 1; i.e., 
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With D, 3 1. (See Berlekamp (1968), Lemma 15.573.) Suppose K > ,u. 
Then it follows from (81) and (82) that 
This contradicts the assumption given in the lemma that min,G,,, I%‘,( pth) < 
,~(q - 1) + d with 1 < d < 4. Thus K cannot be greater than ,u. Since 
min,d,,, W,(pth) > p(q - l), it follows from Lemma 12 that k cannot be 
smaller than p. Thus we conclude that K must be equal to TV. This implies 
that @,(A) = p. 
It follows from Lemma 13 that h + 0 ( mod 4 - 1). Therefore the residue 
ha # 0. Since K = p, it follows from (81) and (82) that 
However, ~(4 - 1) < min,<,<, Wq(pth) < /~(q - I) + d. Thus 
Since h, # 0, we must have 
This concludes our proof. Q.E.D. 
Polynomial codes were discovered by Kasami, Lin, and Peterson (1968). 
This class of codes and their duals have considerable inherent algebraic and 
geometric structure. The dual codes of primitive polynomial codes have been 
shown to be majority-logic decodable by Kasami and Lin (1971). The 
following theorem characterizes a primitive polynomial code. 
THEOREM 4 (Kasami and Lin). The generator polynomial of the 
[(m - p)(q - 1) - d]th-order primitive polynomial code of length q” - 1 
(q = p”) has ah as a root if and only ifh satis$es the following condition: 
,r=,1=, W,(Ph) < & - 1) + d. (85) 
The dual code of the [(m - p)(q - 1) - d]th-order primitive polynomial 
code is majority-logic decodable and is capable of correcting 
or fewer errors. 
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Comparing the dual of a [(m - p)(q - 1) - d]th-order primitive poly- 
nomial code of length q” - 1 with the improved (d + I)-fold (p, s)th-order 
EG code of length q” - 1 based on a primitive d - BCH code of length 
q - 1, we see that they have the same majority-logic error-correcting capa- 
bility. Next we want to show that the multifold EG codes are more efficient. 
LEMMA 15. Let h be a nonnegative integer less than qm. If p(q - 1) < 
min,ctcs W,(pth) < p(q - 1) + d, then h satis$es condition (A3)* given in 
Theorem 3 with the primitive d - BCH code C,, of length q - 1 as the base 
code. 
Proof. If ~(q - 1) < min,q,is W&Ph) < p(q - 1) + d, then it follows 
from Lemma 14 that QS(h) = p and h + 0 (mod q - 1). Let h’ be a proper 
descendant of h such that @,(h’) = CL; i.e., h’ E T(h). Let {h,,‘, hl’,..., h,‘} be a 
maximal (q - 1)-partition of h’. Define 
h, = h - (4 + h,’ + ... + h,‘). (86) 
Then {h, , hll’,..., h,‘} is a maximal (q - I)-partition of h. Since h’ is a proper 
descendant of ?z, clearly h,’ is a proper descendant of h, . Now let h” be the 
integer less than q such that 
h”=h-h’(modq- 1). (87) 
It follows from (86) and (87) that 
h” = ho - h,’ (mod q - 1). 
It is clear that 
(88) 
pth” = pt(h, - h,,‘) (mod q - 1). (89) 
It follows from Lemma 10 and (89) that 
p% = W,[p”(h, - h,‘)] (mod q - 1) 
for any t. Let 
(90) 
Anin = ,y& W&+(h, - ho’)]- (91) 
Suppose that the minimal value of W,[pt(h, - h,‘)] occurs at t = t, . Then 
it follows from (90) and (91) that 
ptoh” s hmin (mod q - 1). (92) 
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Since h,,’ is a proper descendant of h, , h - h,’ is a nonzero descendant of h, . 
It follows from Lemma II that 
W,W(ho - &‘)I G ~&%) (93) 
for any t. This implies that 
Anin < ,F$, Wg(Pho)- (94) 
Since h, is the residue of a maximal (q - l)-partition of h, it follows from 
Lemma 14 that 
1 < o@n, Wg(pth,) < d. (95) 
Combining (94) and (95), we obtain 
&in < d. (96) 
Since h,’ is a proper descendant of h, , h, - h,’ is nonzero. From (91), we 
see that 1 < hmin . Thus we obtain the following inequality 
1 < hmin < d. (97) 
Since the base code is a primitive d - BCN code C,, , the base polynomial 
in condition (A3)* of Theorem 3 is O(X) = +X)gBCH(X) where gBcH(X) 
is the generator polynomial of C,, . It follows from (73) and (97) that 
$min is a root of g&X). F rom (92), we see that 7’ is a conjugate of $min. 
Therefore, $ is a root of g BcH(X), and is also a root of the base polynomial 
O(X). Thus the integer h satisfies condition (A3)* of Theorem 3. Q.E.D. 
In the previous lemma we have shown that a nonnegative integer h whose 
q-weight satisfies the condition 
with 1 < d < q, satisfies condition (A3)* of Theorem 3 with a primitive 
d - BCH code of length q - 1 as the base code. However, the opposite is 
not necessarily true; i.e., if h satisfies condition (A3)* of Theorem 3 with a 
primitive d - BCH code as the base code, the q-weight of h does not neces- 
sarily satisfy the condition 
o&z - 1) < oy$s huh) < &I- 1) + d. (98) 
This will be demonstrated by an example. Let p = 2, s = 4, q = 24, m = 3, 
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and p = 1. We use the binary (15, 5) with d = 7 as the base code C’s, . 
The generator polynomial g,, (X) of this code has 7, $, 73, y4, TV, $, 718, 
79, 710, and qr2 as all its roots, where 7 is a primitive element of GF(24). 
If the field GF(24) is constructed by using the primitive polynomial p(X) = 
X4+X+l,thenwehave 
g,c,(X) = 1 + x + xa + x4 + x5 + xs + x10. 
It happens that the generator polynomial g s&X) is also a minimum weight 
code vector. Set 
,(O)(X) = gBcH(x) = 1 + x + x2 + x4 + x5 + xs + x10. 
The cycle no of &O)(X) is 15. Thus the set B, consists of &O)(X) and 14 cyclic 
shifts of &O)(X). The manic polynomial of the greatest degree that divides the 
code polynomials in B, , and has distinct roots in GF(24) is just equal to 
gscH(X); i.e., 
u(X) =g&X) = 1 +x+x2+x4+x5+x8+x10. 
Now we consider the integer h = 1375 which is less than 4” = (24)3 = 4095. 
The s-weight of 1375 is 1; i.e., @,,(1375) = 1. All the maximal (24 - l)- 
partitions of 1375 are listed below. 
Maximal (24 - l)-partitions (ho, h,) Binary expansion of the residue ho 
(1360, 15) 
(1345,30) 
(1300, 75) 
(1285, 90) 
(1105,270) 
(1090,285) 
(1045, 330) 
(1030,345) 
(340, 1035) 
(325, 1050) 
(280, 1095) 
(265, 1110) 
(85, 1290) 
(70, 1305) 
(25, 1350) 
(10, 1365) 
24 + 2s + 2s + 210 
20 + 2s + 2s + 210 
22 + 24 + 28 + 210 
20 + 22 + 2s + 210 
20 + 24 + 2s + 210 
21 + 26 + 21s 
20 + 22 + 24 + 210 
21 + 22 + 210 
22 + 24 + 26 + 2s 
20 + 2s + 2s + 2s 
23 + 24 + 2s 
2s + 23 + 2s 
20 + 22 + 24 + 26 
21 + 22 + 26 
20 + 23 + 24 
21 + 23 
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Let h’ be a proper descendant of 1375 such that QP,(h’) = 1. Then any 
maximal (24 - 1)-partition of h’ must have the form (ha’, h,‘) with hi’ = h, 
and h,’ as a proper descendant of h, where (h, , h,) is any maximal (2” - l)- 
partition of 1375 in the above table. Let & = 1375 - h’ (mod 24 - 1). It is 
easy to check that 7’ is a root of the base polynomial g(X). Therefore, the 
integer 1375 satisfies condition (A3) * of Theorem 3 with the (15,5) BCH code 
as the base code. However, the minimal q-weight of 1375 is 
,n& W,,(2t. 1375) = 25 > (2* - 1) + 7. 
Clearly, the q-weight of 1375 does not satisfy the condition of (98). We can 
summarize the above results as a lemma. 
LEMMA 16. Let h be a nonnegative integer less than q”. If h satis$es condition 
(A3)* of Theorem 3 with a primitive d - BCH code as the base code, the 
q-weight of h does not necessarily satisfy the condition 
It follows from Theorem 3, Lemmas 12, 13, 15, 16, and Theorem 4 that 
we obtain the following theorem which establishes the relationship between 
the improved multifold EG codes and the primitive polynomial codes. 
THEOREM 5. The dual code of the [(m - ,u)(q - 1) - d]th-order primitive 
;;ly;zhy’ai cod;;f l?t”; “I”,-~ I9 . zs a subcode of the improaed (d + l)-fold 
3s OY er coeo e m - 1 based on a primitive d-BCH code, 
Both codes have the same majority-logic error-correcting capability t, = 
[(q”-” - 1)/2d]. 
Theorem 5 implies that, for majority-logic decoding, the improved multifold 
EG codes based on the primitive BCH codes are more efficient than the 
corresponding duals of the polynomial codes. 
EXAMPLE 2. Let p = 2, s = 4, q = 2*, m = 3 and p = 1. The improved 
&fold (1,4)th-order EG code based on the (15, 5) BCH code with d = 7 is a 
(4075, 3072) code with t,, = 18. Hocuevey, the dual of the 23rd-oyder primitive 
polynomial code is a (4095, 3054) code with t,, = 18. 
Improved Multifold EG Codes Based on a Special Class of Cyclic Codes 
In the following we shall consider the improved multifold EG codes based 
on a special class of cyclic codes, and prove their relationship with a subclass 
of generalized EG codes discovered by Delsarte (1969). 
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First we define the base codes. Let d and J be two factors of q - 1 such that 
q - 1 = jd. (99) 
Then the polynomial X4-l - 1 can be factored into the following form 
Let 
x4-1 - 1 = (XJ - l)(l + XJ + X2J + . . . + X’d-1’J). W) 
g4(X) = 1 + XJ + X2J + . . . + X’d-i’J. (101) 
Let x be a nonnegative integer less than q. It is easy to see that vz is a root of 
g&X) if and only if x is not divisible by d. Now consider the cyclic code C, 
generated by g+(X). The generator polynomial has consecutive roots : r, 
2 ?I ,.‘.> rl d--l ( but not 7”). By Bose-Chaudhuri argument (1960), the minimum 
weight of C# is at least d. However, g&X) itself has weight d. Thus 
the minimum weight is exactly d. 
Consider the improved (d + I)-fold (p, s)th-order EG code of length 
qrn - 1 based on the cyclic code C, . Let p be the element in the prime field 
GF(p) such that 
J = p (modp). w4 
It is clear that 
Let 
dp = -1 (mod?). (103) 
dyx) = pg&X) = p + pXJ + pX2” + ... + pX’d-1’J. (104) 
Clearly, &O)(X) is a minimum weight code vector in C, , the overall parity 
symbol of &P)(X) is 1. The cycle of &j(O)(X) is J. Therefore the set B, defined 
in Definition 4 consists of &O)(X) and J - 1 of its cyclic shifts. The manic 
polynomial of the greatest degree that divides the polynomials in B, and has 
distinct roots in GF(q) is simply the generator polynomial g&X) of the code 
C G ; i.e., 
o(X) = 1 + XJ + X2J + ... + X’“-1’J. (105) 
We also notice that the nonzero components of &O)(X) are evenly spaced. 
Thus JO)(X) has the form specified by (71), and the parameter Y of (20) 
is equal to 1. Therefore the improved (d + l)-fold (p, s)th-order EG code of 
length q” - 1 based on C, has the property that in decoding, each decoding 
step is orthogonal. 
It is interesting to note that the improved (d + I)-fold (p, s)th-order EG 
code of length qm - 1 based on the special cyclic code C, is identical to a 
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(p, M&,)th-order generalized EG code of length qm - 1. Generalized EG 
codes were first studied by Delsarte (1969), then by Lin and Weldon (1972) 
and Hartmann, Ducey, and Rudolph (1974). For convenience, we shall use 
the definitions due to Hartmann, et al. 
DEFINITION 10. Let LV,+~ = (q - 1, q - l,..., q - 1, d) be a (p + l)- 
tuple where d divides q - 1. A nonnegative integer h less than q” is said to be 
a p-cover of N,,, if and only if there exist p + 2 integers 6,) b, +..., 6,+, such 
that the following two conditions are satisfied: 
(1) h = 6, + b,(q - 1) + ... + UP - 1) + b,+,d 
where b, > 0 and bi > 0 for i = 1, 2,..., p + I; and 
(2) b, > b,(q - 1L 4&z - 11, b,,,d 
are descendants of h. 
DEFINITION 11. Let h be a nonnegative integer less than q”. Let 01 be a 
primitive element of GF(qm). Define h(X) to be a polynomial over GF(p) 
which has ah as a root if and only if h is not a p-cover of MU+,, = (q - I, 
q - l,..., q - 1, d). The (y, MU+,)th-order generalized EG code of length 
qm - 1 is defined as the p-ary cyclic code whose null space is generated by 
h(X). The following lemma relates the p-cover to the s-weight of an integer h. 
LEMMA 17. Let h be a nonnegative integer less than q” - 1. Then h is a 
p-cover of M,,, = (q - l,..., q - 1, d) ifand only ifh does not satisfy any of 
the three conditions given in Theorem 3 with the cyclic code C, as the base code. 
Proof, Step I : Assume that h is a p-cover of N,,, . 
It follows from Definition 10 that there exist integers b, , b, ,..., b,,, such 
that 
h = 6, + h(q - 1) + ... t b,(q - 1) + b,,,d (106) 
with b, 3 0 and bi > 0 for i = 1, 2 ,..., p + 1. Since b, , b,(q - 1) ,..., 
b,,,d are descendants of h, it follows from the definition of a (q - I)-partition 
that (b, + b,+,d, b,(q - I),..., b,(q - l)} forms a (q - 1)-partition of h with 
index p. Clearly QS(h) > p. If a,(h) > p, definitely h does not satisfy any of 
the three conditions of Theorem 3 with C, as the base code. Suppose that 
QS(h) = p. Then {b, + b+,d, b,(q - I),..., b,(q - 1)) is a maximal (q - I)- 
partition of h with 6, + b,+,d as the residue. Consider the following integer 
h’ = b, + b,(q - 1) + *.. + b,(q - 1). (107) 
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TABLE I 
Some improved (d + I)-fold (p, s)th-order binary Euclidean geometry codes of 
length less than or equal to 4095 where 
N = 2”” - 1 = the length of an improved multifold EG code, 
K = the number of information symbols of an improved multifold EG code, 
tar. = the majority-logic decoding capability of an improved multifold EG code, 
n = 2” - 1 = the length of a base code, 
d = the minimum distance of a base code, and 
go(X) = the generator polynomial of a base code. 
The roots of the generator polynomial g,,(X) of a base code are specified in terms of 
powers of a primitive element 7 in GF(2”). The base codes in this table are taken from 
Peterson and Weldon (1971). Since g,,(X) is used as the base polynomial, many codes 
in this table are actually subcodes of the improved multifold EG codes. 
The regular EG codes are not included in this table. 
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TABLE II 
Some improved (d + I)-fold (p, s)th-order binary Euclidean geometry codes based 
on cyclic codes C, whose generator polynomials are of the form g&(X) = 1 + XJ + 
XzJ + ... + X@ljJ, where dJ = 2” - 1. The base polynomial u(X) = gJX). 
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It is clear that h’ is a proper descendant of h. It follows from (106) and (107) 
that h - h’ = b,,,d and 
Ii = b,,d (mod 9 - 1). WI 
Since it is assumed that Q,(h) = p, b,+,d cannot be a multiple of 4 - 1. 
Thus it follows from (108) that 0 < & < 4 - 1. Since d divides q - 1, d 
must divide h”. Therefore qf; cannot be a root of the base polynomial a(X) 
of (105). This implies that h does not satisfy any of the three conditions of 
Theorem 3 with C, as the base code. 
Step 2: Assume that h does not satisfy any of the three conditions of 
Theorem 3 with C, as the base code. 
Based on this assumption, it is clear that the s-weight of h is greater than or 
equal to p.; i.e., Q,(h) 3 p. If D,,(h) = CL, then h + 0 (mod 4 - 1) and there 
exists a proper descendant h’ of h E T(h) such that ylli is not a root of the base 
polynomial u(X) of (105). Let (ho’, hl’,..., h,‘) be a maximal (2 - I)-partition 
of h’. Define 
h, = h - (h,’ + h,’ f ..* + h,‘). 
Then (h, , hl’,..., ’ is a maximal (q - I)-partition of h. Clearly h,’ is a 
p ro per descendan:; h 0' Since h” = h - h’ (mod 4 - l), thus we have 
h” = ho - h,’ (mod q - 1). 
Since 7’ is not a root of the base polynomial o(X) of (105), h” must be a multiple 
of d. This implies that ho - ho’ is a multiple of d. Thus we have 
h,=kd+h,‘. (109) 
Since (h, , Jzr’,..., h,‘) is a maximal (Q - 1)-partition of h, we have 
hi’ = Di(q - 1) for i = 1, 2 ,..., p. Therefore, 
h = h, + h,’ + ... + h,’ 
= A, + D,(q - 1) + ... + D,(q - 1). 
Combining (109) and (1 lo), we obtain 
h = ho’ + Kd + D,(q - 1) + a*. + D,(q - 1). (111) 
Clearly h is a p-cover of N,,, = (4 - l,..., 4 - 1, d). Now if Qs(/z) > p, 
then a maximal (4 - I)-partition of h must have the form (A, , h1 ,..., h,) 
with k > p where hi = Di(q - 1) with Di > 0 for i = 1, 2,..., k. Clearly 
h = h, + D,(q - 1) + 4.. -i- Q& - 1) + K+dq - 11, 
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where D:,, = DL1+1 + ... + D, . Since (p - 1) is divisible by d, h can be 
expressed in the following form : 
h = h, + D,(q - 1) + ... + D,(q - 1) + D;+,d. 
Since h, , D,(q - I),..., D,(q - l), Di+,d are descendants of h, h must be a 
p-cover of N,,, =(q-l,p-I ,..., q-1,d). 
From Steps 1 and 2, we conclude that the lemma is true. Q.E.D. 
A direct consequence of Lemma 17 is the following result. 
THEOREM 6. Let d be a factor of q - 1. The improved (d + I)-fold (p, s)th- 
order EG code of length qm - 1 based on the cyclic code C, is identical to the 
regular (p, N,,Jth-order generalized EG code of length q” - 1 dejined by 
Delsarte (1969) and Hartmann, Ducey, and Rudolph (1974). 
EXAMPLE 3. Let p = 2, s = 6, q = 2”, m = 2, and p = 1. Let d = 7 
which is a factor of 26 - 1. The improved binary g-fold (1, G)th-order EG 
code of length 4095 is a (4095, 3971) c c ic code which is two-step majority- y 1 
logic decodable with tML = 4. This code is also a (1, N,)th-order generalized 
EG code with N, = (63, 7). (See Hartmann et al. (1974).) 
Improved Multifold EG Codes Which aye One-Step Majority-Logic Decodable 
For p = 0, the improved (d + 1)-fold (0, s)th-order EG code of length 
q” - 1 based on any cyclic code C, is l-step majority-logic decodable with 
t ML = Kq” - 1)/-W 
If d is a factor of q - 1 and the base code is C, as defined in the previous 
subsection, then the improved (d + I)-fold (0, s)th-order EG code becomes 
the (0, NJth-order generalized EG code of length q” - 1 with Nr = (d). 
8. CONCLUSION 
This paper presents an improvement to the multifold EG codes defined 
by Lin (1973). The relationship between the improved multifold EG codes 
and other important majority-logic decodable codes, namely polynomial 
codes and generalized EG codes, are established. From Theorem 3, one can 
see that in order to obtain an efficient improved multifold EG code, the base 
code must be chosen in such a way that the base polynomial u(X) has as many 
roots as possible. The base code C, is a very good choice. 
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The improved multifold EG codes can be generalized in a striaghtforward 
manner to cover the entire class of generalized EG codes defined by Delsarte 
as a subclass. 
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